Hyperuniform disordered photonic materials (HDPM) are spatially correlated dielectric structures with unconventional optical properties [1, 2] . They can be transparent to long-wavelength radiation while at the same time have isotropic band gaps in another frequency range [3, 4] . This phenomenon raises fundamental questions concerning photon transport through disordered media. While optical transparency is robust against recurrent multiple scattering, little is known about other transport regimes like diffusive multiple scattering or Anderson localization [5] . Here we investigate band gaps, and we report Anderson localization in two-dimensional stealthy HDPM using numerical simulations of the density of states and optical transport statistics. To establish a unified view, we propose a transport phase diagram. Our results show that, depending only on the degree of correlation, a dielectric material can transition from localization behavior to a bandgap crossing an intermediate regime Light propagation through a dielectric medium is determined by the spatial distribution of the material. Photons scatter at local variations of the refractive index. For a periodically organized system, interference dominates light transport and is responsible for optical phenomena in opal gems and photonic crystals [6] . In random media, transport becomes diffusive through successive scattering events. The characteristic length scale over which isotropic diffusion takes place is the transport mean free path. Material thicker than the mean free path appears cloudy or white. However, when scattering centers are locally correlated, diffraction effects can be significant. The description of light transport then becomes a challenging problem with many applications, such as the transparency of the cornea to visible light [7] , the strong wavelength dependence of the optical thickness of colloidal suspensions [8] and amorphous photonic structures [9, 10] , and structural colors in biology [11] .
Light propagation through a dielectric medium is determined by the spatial distribution of the material. Photons scatter at local variations of the refractive index. For a periodically organized system, interference dominates light transport and is responsible for optical phenomena in opal gems and photonic crystals [6] . In random media, transport becomes diffusive through successive scattering events. The characteristic length scale over which isotropic diffusion takes place is the transport mean free path. Material thicker than the mean free path appears cloudy or white. However, when scattering centers are locally correlated, diffraction effects can be significant. The description of light transport then becomes a challenging problem with many applications, such as the transparency of the cornea to visible light [7] , the strong wavelength dependence of the optical thickness of colloidal suspensions [8] and amorphous photonic structures [9, 10] , and structural colors in biology [11] .
Critical opalescence and the relatively large electrical conductivity of disordered liquid metals [12] are closely related phenomena.
In the weak scattering limit photon transport is diffusive and can be described by a local collective scattering approximation, which states that the mean free path l t = (ρσ t ) −1 is inversely proportional to the number density of scatterers ρ and to the effective transport cross section [12] [13] [14] σ t = dσ dΩ S(k ϑ )(1 − cos ϑ)dΩ.
Here dσ/dΩ is the differential cross section for an isolated scatterer and k ϑ = 2k sin(ϑ/2) is the momentum transfer. This equation relates positional correlations of the optical medium to transport via the structure factor S(k ϑ ). In the past, the local collective scattering approximation has been applied to dense and strongly scattering media [14] , however the validity of this approach is limited as it does not include near-field corrections and recurrent scattering [15, 16] . Clearly, the recently discovered isotropic bandgaps [3, 17] in HDPM cannot be derived from Eq. 1.
For uncorrelated or fully random media with S(k ϑ ) ≡ 1 optical transport properties are well understood. According to the single parameter scaling (SPS) hypothesis one expects a transition from diffuse scattering to Anderson localization [18, 19] . Statistical properties of transport are governed by a single parameter that can be expressed as the ratio of a characteristic (localization) length ξ to system size L. While for L/ξ 1 transport is diffusive, SPS predicts a crossover to the Anderson localization regime L/ξ 1 for both disordered wires (quasi-one-dimensional system) and two-dimensional systems with any amount of disorder.
For correlated disordered media, over the last years, attention focused on the emergence of optical transparency [1, 4] and on photonic bandgaps (PBGs) in two-dimensional highrefractive-index disordered materials [3, 17, 20] . In particular, the concept of stealthy hyperuniformity as a measure for the hidden order in amorphous materials has drawn significant attention [1, 2] . HDPM are disordered, but uniform without specific defects, and the density of states can be strictly zero. A key parameter controlling structural correlations of HDPM, and thus the band gap width, is the stealthiness parameter χ, defined as the ratio between the number of constrained degrees of freedom to the total number of degrees of freedom [1] .
It is currently not known what effect χ has on the statistics of wave transport in HDPM outside the gap and whether the transport properties in HDPM can be understood in terms of SPS. Neither is anything known about the transport properties for frequencies ν near the band edge, a regime where disordered crystalline materials exhibit a rich and complex transition towards Anderson localization [21] . The main goal of our work is to address these fundamental questions and to propose a χ-ν phase diagram for wave transport through ideal hyperuniform disordered dielectric materials in two dimensions. Based on the NDOS and the results for two-dimensional disordered crystals [22, 23] , we first make a hypothesis about the transport phase diagram of two-dimensional HDPM in Although the calculation of the standard transport mean free path can be useful to describe transport processes in disordered correlated media in frequency ranges where the system is almost transparent or transport is diffusive [4, 14] , it loses its meaning in a region where the density of states is zero. Identifying the different transport regimes requires the numerical solution of the full multiple scattering problem in a wide spectral range. We calculate the decay of the intensity of the wave fields along the propagation direction and the full statistics of wave transport. First, we generate a statistical ensemble of 1000 spatial patterns of monodisperse high refractive index cylinders for each value of χ as described in [17] . Our spatial two-dimensional point patterns show stealthy hyperuniformity, which means that not only long-range density fluctuations are suppressed, S(k ϑ → 0) = 0, but the structure factor vanishes over a finite range, S(k ϑ < k c ) = 0. The critical wave number k c sets the phase boundary of the stealth phase [4, 17] . With these parameters a PBG opens at a central frequency ν 0 a/c 0.35, and the PBG expands to a maximum width of ∆ν/ν 0 45% [17] . Following prior work on disordered crystals [22, 23] we introduce the
as an effective measure of the mean distance between states. Fig. 2(a) shows a map of a/ DOS . We can clearly identify the gap with no states and infinite DOS (white region bounded by dashed line) and a pseudo gap region where the NDOS is significantly reduced, DOS a.
To obtain the characteristic decay length ξ and to sample the statistical properties of transport, we apply the well-known generalized scattering matrix (GSM) method [24] to a system of fixed width L max as a function of the thickness L < L max in propagation direc-tion. Periodic boundary conditions (inset in Fig. 3 ) define a set of transversal propagation channels. The optical analog g of electrical conductance can be computed from Landauer's formula. If T ij is the intensity transmitted from incoming channel j to outgoing channel i, then the conductance of the system is g = ij T ij . The exponential decay length ξ of the conductance is determined using a fit to ln(g(L)) = −2L/ξ [25] . Fluctuations are suppressed by performing an ensemble average · over 1000 realizations for each frequency and stealthiness. Fig. 2(b) shows a map of a/ξ. The solid line corresponds to the boundary DOS = ξ. Based on studies of two-dimensional disordered crystals [23] , we expect this line to indicate the boundary between non-SPS and SPS regions.
So far we identified regions with exponential decay of the conductance but did not reveal the physical mechanism responsible for this rapid decay. To this end we analyze the optical transport statistics [5] . Fig. 3 shows a color map of fluctuations in the logarithmic conductance Var(ln(g)) for transmission through the whole system. As expected, regions associated with a PBG do not show substantial fluctuations despite a small decay length ξ signaling transport by direct tunneling through the whole sample. Outside the gap, large fluctuations are most pronounced in the pseudo gap regime, 0 < ξ/l DOS < ∼ 1 indicating tunneling-like transport [23] . Eventually, further away from the gap, in the regime with ξ/l DOS > 1, fluctuations decay rapidly.
To discriminate between tunneling-like transport and Anderson localization, we consider the statistical distribution P (g) of the conductance. A quantitative description for transport fluctuations in quasi-one-dimensional systems is given by the Dorokhov-Mello-PereyraKumar (DMPK) equation [26] [27] [28] . DMPK predicts a crossover between the diffusive regime and the localized regime. While P (g) is Gaussian in the diffusive regime, it has a peculiar shape at the onset of the localized regime corresponding to g ≈ 1/2 with a marked discontinuity in the first derivative of the distribution and a sharp cut-off beyond g = 1 [28, 29] .
As g decreases, this cut-off eventually leads to one-sided log-normal distributions for the conductance. Although the DMPK results were derived for the quasi-one-dimensional case, the characteristic shape of P (g) at the onset of the localized regime was exactly reproduced by numerical simulations in two-dimensional disordered systems in the SPS regime [30] .
We apply a similarity analysis of the numerical P (g) results in our HDPM system and the DMPK result [28] to identify regions where Anderson localization occurs. A map of the similarity S(ν, χ) is shown in Fig. 4 . Outside the gap and pseudo gap regions S > 0.5 and light transport evolves from diffusion, where the conductance distributions are Gaussian, to
Anderson localization, where the distribution is one-side log-normal. The behaviour of P (g) in the pseudo-gap region indicates remarkable differences in the statistical properties, which suggests that SPS is violated in this region.
In conclusion, our numerical results fully support the proposed transport phase diagram in Fig. 1 . We expect that our findings are not restricted to SHU correlations, encoded by the parameter χ, but equally apply to other types of uniform spatial correlations [17] .
A similar transport phase diagram can be established in three dimensions. In this case a sharp phase boundary, known as the mobility edge and set by the Ioffe-Regel criterion kl t < ∼ 1 [21] , is expected between photon diffusion and Anderson localization (dash-dotted line in Fig. 1 ). An important direction for future work are the implications of the phase diagram for electronic transport. It has been argued that SHU plays a role in the formation of electronic band gaps, for example in amorphous silicon [31] . However, the influence of structural correlations and hyperuniformity on electron transport and localization in two or higher dimensions is far from being understood [32] .
I. METHODS
Generation of stealthy hyperuniform point pattern. We employ a simulated annealing relaxation scheme to generate disordered SHU patterns with S(k) < 10 −6 for k < k c (χ)
as described in our previous work, ref. [17] . Patterns below the critical parameter χ ∼ 0.55, above which quasi-long-range order gradually appears [2] , already show significant shortrange order. The point patterns are decorated with dielectric cylinders as described in the text.
Band structure calculation. We calculate the normalized photonic density of states (NDOS) using the supercell method [6] implemented in the open source code MIT Photonic Bands [33] . The supercell is repeated periodically and the band structure calculated by following the path Γ → M → X → Γ in reciprocal space. The procedure is described in detail in our reference [17] . Nearly identical strategies have also been applied by others [3] .
Generalized scattering matrix (GSM) method. We use the improved generalized scattering matrix method. A summary of the method is provided in [24] . In the GSM the systems is discretized in slices in the propagation direction. For each slice the wave equation is solved and the scattering matrix calculated. By sequentially combining the corresponding scattering matrices, the total scattering matrix of the system up to a length L is obtained. wave transport statistics as a function of the ratio of the system length to the transport mean free path. It was shown to describe quantitatively the transport properties of disordered quasi-one-dimensional systems. There is evidence that the DMPK distributions retain the main properties of the conductance distributions in the metallic, critical and localized regime also in higher dimensions [19, 29] . The DMPK distributions were obtained as described in ref. [34] , see also supplementary material.
Dorokhov
Similarity analysis. The similarity between the conductance distributions of correlated systems and the ideal DMPK distribution is characterized by a similarity function. We first create numerically a finite sample of DMPK conductance histograms with a certain bin size.
We quantify these differences between the ideal DMPK sample and the results obtained by the GSM by calculating a squared distance distribution function P (D 2 ). The squared distance between two distributions P i (g) and P j (g) is given by
In other contexts the squared distance D 2 is denoted χ 2 or chi-squared. We do not make use of this notation to avoid confusion with the stealthiness parameter χ. For a set of different, but otherwise statistically equivalent, finite-sampling distributions P i (g) we can define the distribution of squared distances P (D 2 ) considering all distances D i,j corresponding to all pairs with i = j. To assess the similarity between P (D 2 ) and the reference P DMPK (D 2 ) distribution, we compute the area below both distributions. Similarity is defined as
By this definition S is bounded in [0, 1] (see also supplementary material).
FIG. 1. Photonic transport phase diagram for hyperuniform disordered dielectric materials. A
box of size L × L is filled with high refractive index (ε = 11.6) cylinders, radius 0.189a, at a filling fraction of 11.2% [17] . In the central region (I) a wide photonic gap opens inhibiting the propagation of TM polarized electromagnetic waves [3, 17] . In this region the density of states is exactly zero and evanescent light waves decay exponentially over distances shorter than the characteristic structural length scale ξ < a. In the stealth region (II), on the left side of the band gap, the material is transparent. In the vicinity of the gap, for smaller values of χ, the density of states is suppressed but non-zero (III), and evanescent waves can tunnel between isolated states with a decay length ξ ∼ a. Sufficiently far from the gap diffuse light transport may cross over to strong Anderson localization. The transition from diffusive to localizated transport (dotted line)
is system-size-dependent and we expect Anderson localization (IV) in the limit of sample sizes L > ξ > a. The degree of hyperuniformity is denoted χ. ν is the optical frequency, c the vacuum speed of light, and a is the mean distance between scatterers. Eventually, at high χ (not shown),
we enter the crystal regime [3, 17] . Numerical results are compared to predictions of DMPK (black lines).
